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MARKOV PROCESSES ON THE ADELES AND
DEDEKIND’S ZETA FUNCTION
ROMAN URBAN
Abstract. Let K be an algebraic number field. We construct an ad-
ditive Markov process XKAt on the ring of adeles KA, whose coordinates
X
(v)
t are independent and use this process to give a probabilistic inter-
pretation of the Dedekind zeta function ζK(s), for Re s > 1. This note
extends a recent work of Yasuda [11] where the case of the field K = Q
of rational numbers was considered.
1. Introduction
For definitions of number theoretical terms appearing in this Introduction
see §2.
Let K be an algebraic number field (i.e., a finite extension of Q). Let
s = σ + it ∈ C. The Dedekind’s zeta function of an algebraic number field
K is defined by
(1.1) ζK(s) =
∑
I
1
N(I)s
,
where the summation is over all non-zero ideals in RK , the ring of integers
of K, and N(I) = [RK : I]. In the half-plane σ > 1 the series (1.1) converges
absolutely, and the convergence is uniform in every compact subset of that
half-plane. Moreover, by unique factorization of ideals, we have the Euler
product representation for σ > 1,
(1.2) ζK(s) =
∏
p
(
1−
1
N(p)s
)−1
,
where the product is over all the prime ideals p ⊂ RK .
The Dedekind zeta function can be continued analytically to a meromor-
phic function having a unique simple pole at s = 1. For more about ζK see,
e.g., [5, 6].
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The aim of this note is to show some probabilistic interpretation of the
Euler product (1.2) of the Dedekind zeta function ζK(s). This will require a
construction of an appropriate Markov processes on the ring of adels of K.
Analysis of stochastic processes on local fields and adels attracted the at-
tention of many authors (e.g., [2, 1, 10]). The reason for this interest maybe
that the ultrametric spaces seem to be more suitable for description of some
physical phenomena. Thus, many authors study for example p-adic string
theory or p-adic quantum mechanics (see e.g., Khrennikov’s monograph [3]
and the references therein). The ultrametric analysis has also found its
application in biology and social science (see [4]).
Our main theorem of this paper is an application of stochastic analysis
on ultrametric spaces to number theory. To state this result we need to
introduce the ring of adeles of K.
Let P(K) (Pf(K), resp.) denote the set of places (finite places, resp.) of
K. By Kv we denote the completion of K with respect to v, and let | · |v be
the normalized valuation (see (2.2)). The adele ring of K is defined as
KA =

x = (xv) ∈
∏
v∈P(K)
Kv : |xv|v ≤ 1 for all but finitely many v ∈ Pf

 .
Thus, the ring of adeles of K is a restricted direct product, i.e, the product∏
v∈P(K)Kv relative to the
Rv = {|xv|v ≤ 1}, v ∈ Pf(K).
Our main result is the following theorem which extends the result of
Yasuda [11, Theorem 1], where K = Q and the Riemann zeta function was
considered.
Theorem 1.3. Let K be an algebraic number field and let, for every v ∈
Pf(K), {av(M)}M∈Z, be a sequence of real number satisfying:
(i) av(M + 1) ≤ av(M),
(ii) limM→+∞ av(M) = 0,
(iii) 0 <
∑
v∈P(K) av(0) < +∞,
(iv) av(M) = cvq
−αvM for some cv, αv > 0.
Then there exists an additive Markov process XKAt on the ring of adeles KA,
whose coordinates X
(v)
t are independent, such that for every complex number
s with Re s > 1,
ζK(s) = E0

 ∏
v∈Pf (K)
(1− q−αvv )
−1|πvX
(v)
τv
|−s+αvv

 ,
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where πv is a uniformizer, and
τv = inf{t ≥ 0 : X
(v)
t 6∈ Rv}
is the first exit time from Rv.
Remark. The condition (iv) implies that the coordinate processes X
(v)
t are
semi-stable. We do not use this feature in this note. For more on semi-stable
process on local fields see e.g. [10].
Remark. We use a different construction of the Markov process XKAt than
that presented in [11]. As a result our proof is much shorter and seems to
be easier.
The following functional equations for ζK follows easily from Theorem 1.3
We omit their proofs as they are identical with those given in [11].
Corollary 1.4. Let s = x + iy ∈ C with x > 1. Let s¯ be the complex
conjugate. Then
(1) Let XKAt be the process corresponding to the index αv = 2x for all
v ∈ Pf(K). Then
ζK(s)E0

 ∏
v∈Pf (K)
|πvX
(v)
τv
|sv

 = ζK(s¯)E0

 ∏
v∈Pf (K)
|πvX
(v)
τv
|s¯v

 .
(1) Let XKAt be the process corresponding to the index αv = x for all
v ∈ Pf(K). Then
ζK(s) = ζK(x)E0

 ∏
v∈Pf (K)
|πvX
(v)
τv
|−iyv


and
ζK(s)E0

 ∏
v∈Pf (K)
|πvX
(v)
τv
|iyv

 = ζK(s¯)E0

 ∏
v∈Pf (K)
|πvX
(v)
τv
|−iyv

 .
Structure of the paper. In §2 we we recall some notions and elementary
facts from algebraic number theory. In particular, we define p-adic fields
and, for the algebraic number field K, we define the main algebraic structure
of this note, the locally compact adele ring of K.
In §3 we define an appropriate Markov process on the adeles KA. In order
to to this first we define the coordinate Markov processes on the p-adic
fields.
Finally, in §4 we prove Theorem 1.3.
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2. Preliminaries
2.1. p-adic fields. The best references for this section are [5, 6]. Let K be
an algebraic number field (i.e., a finite extension of Q). A valuation v of
K is a homomorphism v : K → R+ ∪ {0} such that v(x) = 0 if and only
if x = 0, and and there is a real number c ≥ 1 such that for all x, y ∈ K,
v(xy) = v(x)v(y) and v(x + y) ≤ cmax{v(x), v(y)}. The absolute value v
is non-trivial if v(K) ) {0, 1}. The valuation v is non-Archimedean if v is
non-trivial and we can set c = 1, and is said to be Archimedean otherwise.
We say that two valuation v1 and v2 of K are equivalent if there is an
s > 0 such that v1(x) = v2(x)
s for every x ∈ K. An equivalence class v of a
non-trivial absolute value of K is called a place of K. A place v is finite if
v contains a non-Archimedean absolute value, and infinite otherwise. The
set of places, finite places and infinite places of K is denoted by P = P(K),
Pf = Pf(K) and P∞ = P∞(K), respectively.
By Ostrovski’s theorem every non-trivial valuation of Q is either equiva-
lent to the usual absolute value | · |∞, or to the p-adic absolute value | · |p
for some rational prime p > 1, defined by |0|p = 0 and |p
k n
m
|p = p
−k for
k, n,m ∈ Z and p ∤ nm.
Let RK be the ring of integers of an algebraic number field K. Let p a
prime ideal of RK , v the (discrete) valuation associated with p ([5, Theo-
rem 3.3]). By Kp or Kv we denote the completion of K under v, and we call
Kp the p-adic field. By k we denote the quotient field RK/p, the residue
class field. The cardinality of this residue field is a very important param-
eter, which we denote by q = qp = qv. The extension of v to Kp will be
also denoted by v. The ring of integers of Kp, Rp = {x ∈ Kp : v(x) ≤ 1}
is the closure of the ring R = {x ∈ K : v(x) ≤ 1}, and P = {x ∈ Kp :
v(x) < 1} = pRp is a prime ideal of Rp, which is the closure of the prime
ideal {x ∈ K : v(x) < 1} of R. The invertible elements of Rp form a group
U(Rp) of units of Kp. The quotient fields RK/p and Rp/P are isomorphic
([5, Proposition 5.1]).
We define a uniformizer for v, or a local parameter, to be an element π,
also denoted by πv or πp of Kp of maximal v(π) less than 1. If we fix a
uniformizer π, every element of K∗p can be written uniquely as x = uπ
m for
some u with v(u) = 1 and m ∈ Z. Moreover, each element x ∈ K∗p can be
expressed in one and only one way as a convergent series
(2.1) x =
∞∑
i=m
riπ
i,
where the coefficients ri are taken from a set R ⊂ Rp (of cardinality q)
of representatives of the residue classes in the field kp := Rp/P (i.e., the
canonical map Rp → kp induces a bijection of R onto kp).
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In what follows we consider the normalized valuation
(2.2) v(x) = q−k,
where k is the unique integer such that x = uπk for some unit u. Let K
be a field with a valuation v. Then K is a p-adic field with the p-adic
valuation if and only if K is a finite extension of Qp for a suitable p. (See
[5, Theorem 5.10].)
2.2. Adeles. Here we only recall a definition of the ring of adeles of K. For
more details see [7, 8]. We write | · |v for the valuation v(·). The set
KA =

x = (xv) ∈
∏
v∈P(K)
Kv : |xv|v ≤ 1 for all but finitely many v ∈ Pf


furnished with the topology in which the subgroup
{x = (xv) ∈ KA : |xv|v ≤ 1 for every v ∈ Pf(K)} ∼=
∏
v∈P∞(K)
Kv×
∏
v∈Pf (K)
Rv,
where Rv = {x ∈ Kv : |x|v ≤ 1}, carries the product topology and is open
in KA is the locally compact adele ring of K and its elements are called
adeles.
3. Markov process on the adele ring of K
3.1. Markov process on Kp. In order to construct an appropriate process
on KA we need first to define the processes on the p-adic fields. Rotation-
invariant additive processes on Qp were constructed by Albeverio and Kar-
wowski in [1]. Their construction was extended to all local fields by Yasuda
in [9].
Let Kp = Kv be a p-adic field with the p-adic valuation | · |p = | · |v. Let
a(M) = ap(M) = av(M), M ∈ Z, be a sequence of real number satisfying
(3.1) a(M + 1) ≤ a(M)
and
(3.2) lim
M→+∞
a(M) = 0.
It is shown in [9] that there is one-to-one correspondence between sequences
satisfying (3.1) and (3.2) and rotation-invariant additive Markov processes
Xt whose Le´vy measure ν is given by ν(B(0, q
M)c) = a(M), where B(x, qM)
denotes the ball with radius qM centered at x, i.e., {z ∈ Kp : |x−z|v ≤ q
M}.
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Moreover, the transition probabilities kernels P
(p)
t = P
(v)
t of the Markov
process Xt = X
(p)
t = X
(v)
t on Kp are given by
(3.3) P
(p)
t (x,B(y, q
M)) ={
P
(p)
M (t) if |x− y|v ≤ q
M ,
(q − 1)−1q1−m(P
(p)
M+m(t)− P
(p)
M+m−1(t)) if |x− y|v = q
M+m, m ≥ 1,
where
P
(p)
M (t) = q
−1(q − 1)
∞∑
i=0
q−i exp
(
−(q − 1)−1(qa(M + i)− a(M + i+ 1))t
)
and a(M) satisfies (3.1) and (3.2) (the dependence on p of the above function
is through q = qp and a = ap).
The following lemma follows easily from standard theory of continuous
time Markov chains together with explicit formula for P
(p)
t .
Lemma 3.4 ([9, Lemma 2.1]). Let Xt be the Markov process on Kp starting
from 0 with the transition kernel Pt defined in (3.3), and let, for m ∈ Z,
τ (m) = inf{t > 0 : |Xt|v > q
m
v }.
Then
P(τ (m) > t) = e−a(m)t.
If K = Q then the prime ideals p of RK = Z are of the form (p) = {pk :
k ∈ Z}. Then Kp = Qp is the field of p-adic numbers, Rp = Zp is the ring
of p-adic integers. The generator H of the symmetric Markov semigroup
P
(p)
t (of the process Xt = X
(p)
t on the state space Qp) was computed in [1,
p. 15]. The computation in the general case of Kp for algebraic number
field K bears no difference – only some cosmetic changes in the notation
are required – and we get the following.
Lemma 3.5. Let P
(p)
t be as in (3.3), and let
H1B(x) = lim
tց0
t−1
(
P
(p)
t 1B(x)− 1B(x)
)
,
where B = B(y, qM), and 1B is the indicator function of B. Then,
H1B(x)
=
{
−av(M) if x ∈ B,
q1−m(q − 1)−1 (av(M +m− 1)− av(M +m)) if dv(x,B) = q
M+m.
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3.2. Markov process on KA. Now we are using the stochastic processes
Xt = X
(p)
t on Kp constructed in the previous section to induce in a com-
ponentwise way a stochastic process on KA. We follow [2] where the con-
struction for QA, the adele ring of Q was presented (in fact there is only
restricted direct product of
∏
pQp, p prime number, considered in [2], not
the whole adele ring).
For v ∈ P∞(K), we take any Markov process X
(v)
t on Kv with transition
kernel P
(v)
t . Now, for x = (xv)v∈P(K) and B being the product of balls, of
not necessarily equal radii, in Kv, v ∈ P(K), define
Pt(x,B) =
∏
v∈P∞(K)
P
(v)
t (xv, Bv)
∏
p⊂RK
P
(p)
t (xp, Bp).
Proposition 3.6. Suppose that the sequences {av(M)}M∈Z, v ∈ P(K) (sat-
isfying (3.1) and (3.2)) satisfy additionally
(3.7) 0 <
∑
v∈P(K)
av(0) < +∞.
Then the kernel Pt defined above obeys the Chapman-Kolmogorov equation.
Furthermore, for every x ∈ KA and all t ≥ 0,
(3.8) Pt(x,KA) = 1.
Hence, we have a Markov process XKAt on KA with transition kernel Pt.
Proof. To check the Chapman-Kolmogorov equation is an easy exercise (it
goes as in [2, p. 4649]). So we prove (3.8). It follows from Borel-Cantelli
lemma that if
(3.9)
∑
v∈Pf (K)
P
(v)
t (xv, R
c
v) < +∞
then
Pt(x,K
c
A) = P(for infinitely many v, |X
(v)
t |v > 1) = 0.
Hence, we need to show (3.9). Since xv ∈ Rv for all but finitely many
v ∈ Pf(K) we can assume that all xv in (3.9) are in Rv. Thus, using (3.3)
we have,∑
v∈Pf (K)
P
(v)
t (xv, R
c
v) =
∑
v∈Pf (K)
(
1− P
(v)
t (xv, Rv)
)
=
∑
v∈Pf (K)
(
1− P
(v)
0 (t)
)
.
The right hand side above is equal to
∑
v∈Pf
(
q−1v (qv − 1)
∞∑
i=0
q−iv
(
1− exp
(
−(qv − 1)
−1(qvav(i)− av(i+ 1))t
)))
.
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Since for x ≥ 0, 1− e−x ≤ x, we can estimate the above sum by
t
∑
v∈Pf
(
∞∑
i=0
q−iv (av(i)− q
−1
v av(i+ 1))
)
= t
∑
v∈Pf
(
av(0) + lim
i→+∞
av(i)
qiv
)
.
By (3.2) the right side is equal to t
∑
v∈Pf (K)
av(0), and is finite by (3.7). 
Remark. In order to prove Theorem 1.3 it is not necessary to consider the
whole adele ring. Note that we do not use coordinates Kv with v belonging
to the set P∞(K) of infinite places of K in the formulation of Theorem 1.3.
4. Proof of Theorem 1.3
Let XKAt = (X
(v)
t )v∈P(K) be the Markov process on KA with transition
kernel Pt constructed in §3.2. Let, for v ∈ Pf(K),
τv = inf{t ≥ 0 : X
(v)
t 6∈ Rv}.
By Lemma 3.4,
(4.1) P0(τv > t) = e
−av(0)t.
Lemma 4.2. Let the process X
(v)
t be defined by the sequence satisfying (3.1),
(3.2), and moreover,
(4.3) av(M) = cvq
−αvM
for some cv, αv > 0. Then
P0(|X
(v)
τv
|v = q
m
v ) = (q
αv
v − 1)q
−mαv
v .
Proof. It follows from (2.1) that for every y ∈ Kp, M ∈ Z and m ≥ 1 there
are (qv − 1)q
m−1
v disjoint balls B(x, q
M
v ) = {z ∈ Kp : |x − z|v ≤ q
M
v } such
that |x− y|v = q
M+m
v . Hence, taking M = 0, it follows that
(4.4) P0(|X
(v)
τv
|v = q
m
v ) = (qv − 1)q
m−1
v P0(X
(v)
τv
∈ B),
where B is a ball of radius 1 such that the distance1 dv(Rv, B) = q
m
v . Hence
we need to compute P0(X
(v)
τv ∈ B) for dv(Rv, B) = q
m
v .
Let B0, B1, . . . be the sequence of all disjoint balls of radii 1 in Kp, with
B0 = B(0, 1) = Rv. We associate with the process X
(v)
t a continuous time
Markov chain Mt on the state space N0 = {0, 1, . . .} defined by the relation
(4.5) Mt = ℓ if and only if X
(v)
t ∈ Bℓ.
1The distance between two balls B1 and B2 is defined as the distance between arbitrary
x and y such that x ∈ B1 and y ∈ B2, which is dv(x, y) = v(x − y). This is well defined
due to the fact that we are working in ultrametric spaces.
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Let L be its generator. Then, for f ∈ D(L), the domain of L, by (4.1),
Lf(ℓ) = av(0)
∑
j∈N0
(f(j)− f(ℓ))P(X(v)τv ∈ Bj | X
(v)
0 ∈ Bℓ).
For f = δi, we get
Lδi(ℓ) = av(0)(1− δi(ℓ))P(X
(v)
τv
∈ Bi | X
(v)
0 ∈ Bℓ)
− av(0)δi(ℓ)
∑
j 6=i
P(X(v)τv ∈ Bj | X
(v)
0 ∈ Bℓ).
Therefore, if i = ℓ,
Lδℓ(ℓ) = −av(0)
∑
j 6=ℓ
P(X(v)τv ∈ Bj | X
(v)
0 ∈ Bℓ) = −av(0).
And generally,
(4.6) Lδi(ℓ) =
{
−av(0) if i = ℓ,
av(0)P(X
(v)
τv ∈ Bi | X
(v)
0 ∈ Bℓ) if i 6= ℓ.
By (4.6) with ℓ = 0, (4.5) Lemma 3.5 and it follows that if Bi 6= B0 = Rv
and dv(Rv, Bi) = q
m, then
P0(X
(v)
τv
∈ Bi) = av(0)
−1q1−mv (qv − 1)
−1 (av(m− 1)− av(m))
Using (4.3) the above probability is equal to q
1−m(αv+1)
v (qv − 1)
−1(qαvv − 1).
This together with (4.4) finish the proof. 
Proof of Theorem 1.3. For v ∈ Pf(K), we write
E0
(
(1− q−αvv )
−1|πvX
(v)
τv
|−s+αvv
)
=
∞∑
m=1
E0
(
(1− q−αvv )
−1|πvX
(v)
τv
|−s+αvv 1|X(v)τv |v=qmv
)
= (1− q−αvv )
−1qs−αvv
∞∑
m=1
qm(−s+αv)v P0
(
|X(v)τv |v = q
m
v
)
.
By Lemma 4.2, we get
E0
(
(1− q−αvv )
−1|πvX
(v)
τv
|−s+αvv
)
= (1− q−αvv )
−1qs−αvv
∞∑
m=1
q−msv (q
αv
v − 1) = q
s
v
∞∑
m=1
q−msv = (1− q
−s
v )
−1.
Since the coordinates X
(v)
t , v ∈ Pf(K), are independent the result follows.

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